Abstract. A new triangular mesh adaptivity algorithm for elliptic PDEs that combines a posteriori error estimation with centroidal Voronoi/Delaunay tessellations of domains in two dimensions is proposed and tested. The ability of the first ingredient to detect local regions of large error and the ability of the second ingredient to generate superior unstructured grids results in an mesh adaptivity algorithm that has several very desirable features, including the following. Errors are very well equidistributed over the triangles; at all levels of refinement, the triangles remain very well shaped, even if the grid size at any particular refinement level, when viewed globally, varies by several orders of magnitude; and the convergence rates achieved are the best obtainable using piecewise linear finite elements. This methodology can be easily extended to higher-order finite element approximations or mixed finite element formulations although only the linear approximation is considered in this paper.
1. Introduction. Adaptive grid generation techniques play an increasingly important role in the numerical solution of partial differential equations (PDEs). An essential ingredient of adaptive meshing techniques is a posteriori error estimators which are quantities that are computable once an approximate solution of the PDE has been determined. The key objectives in designing reliable and efficient a posteriori error estimators and mesh adaptivity techniques are that an existing mesh is refined in such a way that the errors in the approximate solution of the PDE on the new mesh are distributed as uniformly as possible, that those approximate solutions converge, as the mesh size decreases, to the exact solution as well as can be expected, and that the first two objectives are met with a relatively simple complexity. Both mesh adaptivity and a posteriori error estimators have been extensively studied, beginning in the late 70s [4] [5] [6] [7] and followed by a vast literature. Here, we refer to [2, 31] for references on a posteriori error estimation and mesh adaptivity for elliptic PDEs.
The performance of adaptive methods for PDEs depends not only on the error estimators, but also on the techniques used for adaptively refining and generating meshes. In [14] , a convergent adaptive algorithm was proposed for the linear finite element methods applied to the Poisson equation in two dimensions; a sequence of refined triangulations is defined based on an a posteriori error estimator and the convergence is proved. Another new family of adaptive algorithms was given in [25] [26] [27] and the convergence of the algorithms was also proved.
In many if not most adaptive methods for PDEs, the meshes are refined locally whenever some criterion based on a local error estimator is not satisfied on some elements; the mesh elsewhere in the domain is not changed. However, in an unrefined region, the errors could be so small that, because one has too many grid nodes there, computational resources are wasted. Thus, to achieve some sort of mesh optimality, it is more reasonable to coarsen the meshes in regions where errors are relatively small in addition to refining in regions where the errors are relatively large. For example, in [8] , by introducing a coarsening step to the algorithm proposed in [25] , an adaptive method is defined that results in certain optimal convergence rates in the energy norm.
In this paper, we propose an adaptive algorithm for linear finite element methods that can distribute the nodes in some optimal way according to a posterior error estimates, so that the error of the resulting approximate solution is distributed equally over the elements. To some extent, it is close to the mesh smoothing scheme proposed in [3] . We also would like to point out the techniques described in this paper can be easily extended to higher-order finite element approximations or mixed finite element formulations. The plan of the rest of the paper is as follows. In Sections 2 and 3, we respectively discuss the specific a posteriori error estimators and mesh generation and optimization methods that are used to define our mesh adaptivity algorithm. The mesh generation algorithm we use requires the definition of a density function which that algorithm uses to decide how grid points should be distributed. In Section 4, we first show how that density function can be related to the a posteriori error estimators and then we provide the description of our mesh adaptation algorithm. In Section 5, we use several computational experiments to demonstrate the effectiveness and efficiency of our mesh adaptation approach. where f ∈ L 2 (Ω) and a ∈ C 1 (Ω) with a(x) ≥ a > 0. There are several types of a posteriori error estimators used in adaptive finite element methods, e.g., explicit error estimators, implicit error estimators, multilevel estimators, and averaging estimators. In this paper, we only use explicit a posteriori error estimators for adaptive mesh generation and refinement because they can be computed directly from the finite element approximate solution and the data of the problem. In the following, we first review some results about explicit a posteriori error estimators in the context of finite element methods for the model problem (2.1).
Finite element spaces and a priori error estimates.
Assume that Ω is a polygonal domain with boundary ∂Ω and T is a conforming triangulation of Ω [13] . Denote by h T the diameter of the triangle T ∈ T and by r T the diameter of the largest circle that can be inscribed in T . Define the regularity ratio of the triangle T by κ T = h T /r T . If there is a constant κ such that κ T ≤ κ for all T ∈ T , then we say that the triangulation T of Ω is regular. It is worth noting that the assumption of regularity permits partitions of the domain Ω into meshes that may contain elements of quite different sizes. This observation is very important for adaptive refinement. In the following, we will assume that T is regular.
Let p denote a nonnegative integer and P p the space of polynomials of degree less than or equal to p. The finite element space of degree p associated with the triangulation T is defined by V h = {v ∈ C(Ω) | v| T ∈ P p (T ) ∀ T ∈ T }. In this paper, for simplicity, we consider the case p = 1, i.e., V h is the continuous piecewise linear finite element space with respect to T . But the techniques described in the remaining sections can be easily extended to other higher-order approximations.
In the a posteriori error analysis, it is also worthwhile to consider properties of certain patches of elements. Let the patch T ∈ Ω be the union of the triangle T and the other triangles in T that share at least one common vertex with T . We define
then, the regularity of the patch T is measured by κ T = h T /r T . It is easy to see that the regularity of the triangulation T is inherited by each patch T ; see, e.g., [2] . Let V be the Hilbert space H 1 0 (Ω). The weak form of problem (2.1) is to find u ∈ V such that
where B is the bilinear form and L is the linear functional respectively defined by
It is clear that V h ⊂ V . Then, the finite element approximation u h ∈ V h of the problem (2.1) is determined from the problem
For any u ∈ V , we define its energy norm · E by u E = B(u, u) 1/2 . We denote by h the piecewise linear function with respect to T satisfying h(x) = max T ∈T and x∈T h T for each vertex x of T . We also assume that the exact solution u ∈ H 2 (Ω). Let e h = u − u h be the error of the approximate solution u h , we then have the following classic results about a priori error estimates [13] . Theorem 1. There exist constants C 1 and C 2 independent of a and h such that
2. An explicit H 1 -type a posteriori error estimator. Let v ∈ V be chosen arbitrarily, then writing the integral over the whole domain Ω as a sum of integrals over individual triangles gives
Let E I denote the set of interior edges of T . If T and T share the common edge γ ∈ E I , define the jump in the normal flux across the edge γ by
where n T is the unit outward normal vector to ∂T . Applying integration by parts and rearranging terms, we then can get
Rv ds, (2.4)
For given v ∈ V , let I h v be the interpolant of v in V h . Then, by the orthogonality property B(e h , I h v) = 0 and (2.4), we have
The identity (2.5) plays an important role, indirectly or directly, throughout an a posteriori error analysis of finite element approximations. Due to the coercivity of the bilinear form B on V , the approximation theory, and some norm equivalences, by choosing v = e h , we can obtain the first a posteriori error estimate
Except for the constant C, all of the quantities on the right-hand side of (2.6) can be computed explicitly from the finite element solution u h . Then we obtain an H 1 -type local error estimator η T,H 1 associated with the element T ∈ T defined by
The inequality (2.6) shows that the true error e h can be bounded from above in terms of the local error estimator η T,H 1 , i.e. when η T,H 1 is small, the true error e h must also be small. This property is referred to as the reliability of the error estimator η T,H 1 . However, we cannot discern anything about the true error e h on any particular triangle T ∈ T from the stability estimate (2.6). Adaptive numerical methods generally also need the fact that the true error e h is also locally bounded from below by the local error estimator η T,H 1 . This type of property is referred to as the efficiency of the error estimator. By using properly chosen bubble functions, the efficiency of the explicit a posteriori error estimator η T,H 1 can also be proved. Details can be found in [2] and the references cited therein. We collect the the stability and efficiency results for the error estimator η T,H 1 in the following theorem. Theorem 2. Let η T,H 1 be defined in (2.7) and let η 2
T,H 1 . Then, there exist constants C 1 and C 2 depending only on the domain Ω, the coefficient function a, and the regularity of T such that 8) wheref denotes the mean value of f over T . Moreover, let T γ denote the union of the triangles having γ as one of their edges; then, the local bound
also holds.
2.
3. An explicit L 2 -type a posteriori error estimator. Duality arguments can be used to derive L 2 -type a posteriori error estimators. The starting point for the application of this technique is the adjoint of the model problem: find φ g ∈ V such that
with g ∈ L 2 (Ω) and where (·, ·) denotes the L 2 (Ω) inner product. It is assumed that this problem is regular in the sense that the solution φ g ∈ H 2 (Ω) ∩ V and there exists a constant C such that
This assumption is known to hold, in particular, if the domain Ω is convex. The specific choice g = e h in (2.9) then gives
Then, we have
(2.11) By the approximation theory again, combining the inequalities (2.10) with g = e h and (2.11), we obtain
which is similar to (2.6), the only difference being a higher-order scaling in the mesh size; this reflects the expectation of a high-order rate of convergence with respect to the L 2 norm. Let η T,L 2 denote the L 2 -type local error estimator defined by
We summarize the results about this local error estimator in the following theorem [2] .
Then, there exists a constant C depending on the domain Ω, the coefficient function a, and the regularity of T such that
(2.13)
3. Mesh generation and mesh optimization. There have been many good algorithms developed for mesh generation and mesh optimization; e.g., see [12, 16, 19, 21, 28, 29] . In this paper, we focus on centroidal Voronoi tessellation based mesh generation as proposed in [15, 16, 19] . ⊂ Ω, define for each point x i , i = 1, . . . , n, the corresponding Voronoi region V i , i = 1, . . . , n, by
for j = 1, . . . , n and j = i .
Clearly, we have
is a tessellation of Ω. We refer to {V i } n i=1 as the Voronoi tessellation (VT) of Ω associated with the point set {x i } n i=1 . A point x i is called a generator and a subdomain V i ⊂ Ω is referred to as the Voronoi region corresponding to the generator x i .
It is well known that the dual tessellation (in a graph-theoretical sense) to a Voronoi tessellation of Ω is a Delaunay triangulation (DT). It is easy to show that the vertices of the Voronoi regions V i 's are the circumcenters of the corresponding Delaunay triangles.
Given a density function ρ(x) defined on Ω, for any region V ⊂ Ω, we define the mass centroid x * of V by
of Ω as a centroidal Voronoi tessellation (CVT) [15] if and only if the points {x i } n i=1 which serve as the generators of the associated Voronoi tessellation {V i } n i=1 are also the mass centroids of those regions, i.e., if and only if we have that
The corresponding Delaunay triangulation is referred to as a centroidal VoronoiDelaunay triangulations (CVDT). It is worth noting that a CVT/CVDT may not be unique; see [15] . The extension of CVTs and CVDTs to general surfaces is discussed in [17] .
Given any set of points
on Ω and any tessellation
of Ω, we define the corresponding energy by
It has be shown that K is minimized only if {(
forms a centroidal Voronoi tessellation [15] . Although K may not be directly identified with an energy of some physical system, it is often naturally associated with quantities such as error distortion, variance, and cost in many practical applications.
An important and very useful property of CVTs is that the energy is equally distributed over the Voronoi regions V i 's in an asymptotic way. For example, it was shown in [15] that, in the one-dimensional case,
where
For higher-dimensional cases, this property is only a conjecture but its validity has been verified through extensive numerical studies and is widely assumed in practical applications such as vector quantization. As a consequence of this equipartition property, CVTs have important geometric features, including the following.
• For a constant density function, the generators {x i } n i=1 are uniformly distributed; the Voronoi regions {V i } n i=1 are all almost of the same size and, in the two-dimensional case, most of them are (nearly) congruent convex hexagons [15] .
• For a non-constant density function, the generators {x i } n i=1 are still locally uniformly distributed, and it is conjectured [15] that, asymptotically, for some constant C,
where h Vi denotes the diameter of V i and d is the dimension of Ω. Thus, in principle, one could control the distribution of generators to obtain an equal distribution of the error by connecting the density function ρ(x) to an a posteriori error estimator.
An often used algorithm for constructing CVT/CVDT is the Lloyd's method [15] . Algorithm 1. (Lloyd's Method for CVT) Given a domain Ω, a density function ρ(x) defined on Ω, and a positive integer n, 0. select an initial set of n points
; 2. determine the mass centroids of the Voronoi regions {V i } n i=1 ; these centroids form the new set of points {x i } n i=1 ; 3. if the new points meet some convergence criterion, return {(
and terminate; otherwise, go to step 1. An important property of Lloyd's algorithm is that the energy K of the Voronoi tessellation {(x i , V i )} n i=1 decreases after each iteration [15] . A probabilistic version of Lloyd's method and its parallel implementation were suggested in [24] .
If a CVDT mesh is to be used within a discretization method for a PDE, e.g., in a finite element method, some modifications are needed. An obvious one is that the CVDT mesh must conform with the boundary of the domain Ω, i.e., some of the CVDT nodes should be constrained to lie on the boundary so that the boundary conditions of the PDE problem can be enforced.
1
One can, of course, pre-define a set of boundary mesh points and then determine an interior mesh that in some sense "conforms" with the boundary mesh. We choose to instead amend the CVT definition and construction algorithm so that the boundary mesh points are automatically selected in conjunction with the interior mesh points. This results in a better "fit" of the boundary and interior meshes.
First, we generalize the CVT definition. Assume that Ω is compact and the domain boundary ∂Ω is piecewise smooth; the set of singular points, e.g., corners, is denoted by
. Denote by Proj(x) the process that projects x ∈ Ω to the closest point to x on the boundary ∂Ω. Let
so that P I , the set of interior Voronoi generators, denotes the set of generators that have Voronoi regions that do not intersect the boundary and P B , the set of boundary Voronoi generators denotes the set of generators that have Voronoi regions that do intersect the boundary.
of Ω is called a conforming centroidal Voronoi tessellation (CfCVT) if and only if the following properties are satisfied:
;
The corresponding dual triangulation is then called a conforming centroidal Voronoi Delaunay triangulation (CfCVDT). It is noted that the meaning of singular (corner) points is trivial in two-dimensional space but may need to be more rigorously defined in spaces higher than two dimensions.
An algorithm for constructing a CfCVT/CfCVDT was given in [16, 19] and can be described as follows. 2 We follow Algorithm 1 except that in step 2 the new set of generators are given by -the centers of mass of the interior Voronoi regions; -the projections onto the boundary of the centers of mass of the boundary Voronoi regions except if the boundary Voronoi region contains a point in P S , in which case the new generator is that point. For this approach, both the number of mesh points on the boundary and their location are not pre-determined. However, it is not difficult to show that the number of generators lying on the boundary will never decrease after the first iteration of Lloyd's method. The reason for this is that the nodes on the boundary cannot return to the interior of the domain since their Voronoi regions are obviously always boundary Voronoi regions. Thus, for this approach, the initial position of generators must be chosen well according to the density function ρ; for example, one could determine an ordinary CVT (with no points lying on the boundary) to use as an initial set of generators for the CfCVT construction algorithm.
In practical applications, the domain Ω is often non-convex and is possibly very complicated [19] , so that a main difficulty associated with Lloyd's method for constructing CfCVDTs is the construction of the Voronoi regions. For this reason, we next propose an algorithm for constructing approximate CfCVDTs in two dimensions that does not require the construction of exact Voronoi tessellations.
Approximate CfCVDT construction.
In this section, we propose an algorithm to construct approximate CfCVDTs; we will later use this algorithm within our adaptive methods for mesh generation and optimization. We describe our approach for the two-dimensional case in detail; the generalization to higher dimensions follows similar lines.
Currently, for mesh generation with conforming boundary requirements, constrained Delaunay triangulations (CDTs) have been widely used; see, e.g., [29, 30] . The main difference between CDT and standard DT is that some geometric constraints such as predetermined node position and node connectivities are added and strictly enforced during the CDT process. For example, the boundary of the domain can be triangulated first, and the resulting boundary triangulation is then used as a constraint on the conforming triangulation of the whole domain using CDT. It is worth noting that the dual tessellations of CDT generally is not an exact Voronoi tessellation, especially near the boundary.
Our algorithm for constructing approximate CfCVDTs is based on the CDT process. Assume that Ω ∈ R 2 is a domain with a polygonal boundary. 3 Denote by P S = {z} k i=1 its corner vertex set as before. An initial conforming triangulation
of Ω is generated using the "TRIANGLE" software package [29] that uses the CDT process with a boundary mesh as a constraint and interior Delaunay refinement techniques, or by some other means. Denote by P = {x i } n i=1 the set of vertices of T 0 , by P B the set of boundary vertices, and by P I the set of interior vertices. The CDT process guarantees that P S ⊂ P B .
For each triangle
is an acute triangle; the middle point of the longest edge of T i otherwise.
Clearly, x Ti ∈ T i . For each vertex x i , we denote by {T i k } mi k=1 ⊂ T 0 the set of triangles for which x i is a vertex, counting in the counterclockwise direction.
Interior vertices. First, consider the case x i ∈ P I , i.e., x i is an interior vertex. Define U i by
; see Fig. 3 .1. The polygon U i can be regarded as an approximation to the Voronoi region V i associated with x i . Let x i denote the center of mass of the U i with respect to the density function ρ. Denote by {α i k } mi k=1 the associated angles around
and e i denote the corresponding boundary edge opposite to the angle α i k such that α i k = α; see Fig. 3 .1 for illustrations of some cases. Now, select a parameter θ max (π > θ max > π/2). Then, define
where Proj ei x i denotes the projection of x i onto the boundary edge e i . It is clear that y i is still an interior vertex if α < θ max ; otherwise, it is a boundary vertex although x i is an interior node. Boundary vertices. Next, consider the case x i ∈ P B , i.e., x i is a boundary vertex. Let e 1 and e 2 denote the two boundary edges having x i as the common end point, and let z 1 and z 2 denote the midpoints of e 1 and e 2 , respectively; see If x i ∈ P B − P S , denote by β 1 and β 2 the angles facing the boundary edges e 1 and e 2 , respectively, in
and select a parameter θ min (π/3 > θ min > 0). Then, define
where Proj z1z2 x i denotes the projection of x i onto the segment z 1 z 2 . It is clear that y i is also a boundary vertex if x i is a corner vertex, or x i is a non-corner vertex but β > θ min ; otherwise, y i becomes an interior vertex although x i is on the boundary (We also call it a lifting process). The approximate CfCVDT construction algorithm. We can now describe an algorithm for constructing an approximate CfCVDT of the domain Ω.
Algorithm 2. (Modified Lloyd's method for approximate CfCVDT) Given a domain Ω, a density function ρ(x) defined on Ω, and an initial triangulation T 0 of Ω with vertices {x i } n i=1 generated using CDT,
and reconstruct the boundary segments E B from the new {x i } n i=1 ; 3. re-triangulate the domain Ω using CDT with {x i } n i=1 as the vertices and E B as the boundary edges; the resulting triangulation is the new T ; 4. if the triangulation T meets some convergence criterion, return T and terminate;
otherwise, go to step 1. In the remainder of this paper, we will use the notation T =CfCVDT(T 0 ,Ω,ρ) to represent the output of Algorithm 2.
Remark 1. To prevent some vertices from frequently jumping back and forth between the boundary and the interior of the domain, more sophisticated controls are needed; for the sake of simplicity, we omit some details in Algorithm 2.
Remark 2. Two user-defined parameters θ max and θ min corresponding respec-tively to the projection process and the lifting process are used to avoid bad-shaped triangles in the region close to the boundary. In our computational experiments, we set θ max = 5π/9 and θ min = π/6. These are only empirical values, but many experiments lead us to believe they are good choices.
4.
CfCVDT-based adaptive finite element methods. Adaptive meshing methods for solving PDEs often takes the following standard form: 0. generate a coarse mesh T (0) of the domain Ω and set = 0; 1. solve the system produced by discretizing the PDE based on T ( ) and calculate the local error estimators; 2. if some convergence criteria is satisfied, terminate; otherwise, go to step 3; 3. refine the mesh T ( ) based on the local error estimators to get the next level of mesh T ( +1) and set = + 1, then go to step 1. In our adaptive method, we use CfCVDTs to refine and optimize the mesh at each level, but first we need to determine, from the error estimators, the density function used in the CfCVDT algorithm.
Determination of the density function. Let T
( ) denote the triangulation of Ω with vertices {x
at level defined by (2.7) and (2.12), respectively. A comparison of (2.2) and (2.8) and of (2.3) and (2.13) reveals that it is reasonable to divide both η
by √ a in order to reflect the local variations of true error more accurately. Thus, we define
where a T is the mean value of a(x) on the triangle T , i.e., a T = T a(x) dx/Area(T ). In order to minimize (ξ ( )
we need to distribute (ξ
We then uniquely determine two piecewise linear functions (with respect to
on Ω such that for any vertex x
Note that, in some sense, if the solution u ∈ H 2 (Ω), we have
Combining (4.4) with the CVT/CVDT property (3.1) for d = 2, i.e.,
of Ω with respect to the density function ρ, it is then not difficult to verify that the CfCVDT mesh T ( +1) generated by the density function ρ
will approximately have the property that (ξ
respectively, for any triangles T i , T j ∈ T ( +1) .
We will refer to the density functions ρ
as the H 1 -based and L 2 -based density functions, respectively. From their defining formulas, it is easy to see that ρ
. We expect that CCDVT meshes generated using ρ
will produce a finite element approximation with smaller H 1 norm or energy error while those generated using ρ
The most time consuming step in the calculations of ρ ( +1)
(x) for any x ∈ Ω is the nearest neighbor search operation since they are defined by interpolation with respect to an unstructured mesh. However, this task can be effected efficiently using the software package "ANN" [1] that is based on the K-D tree algorithm.
Remark 3. In many practical applications, the coefficient in the model equation (2.1) is often a tensor product, i.e., a symmetric, positive definite matrix
rather than a scalar-valued function a(x). Under this situation, if the difference between a 11 (x) and a 22 (x) is not large locally, then it is still reasonable to scale these estimators by
is strongly anisotropic, then it could not be handled correctly in this framework; the anisotropic CVT meshes proposed in [20] , perhaps with some variations, may be able to deal with this case. Remark 4. If a higher-order finite element approximation is used, for example, 
Remark 5. If the mixed finite element method is used, the density fucntion can be determined similar to the standard finite element approximation since all we need are just explicit a posterior local error estimators and their orders with respect to the local mesh size h T .
Adaptive algorithms based on
0. Preprocessing: generate an initial coarse triangulation T of Ω using CDT or some other means, solve the PDE using a finite element method (FEM) on T , and then determine the local error estimators η T,H 1 (or η T,L 2 ) for all T ∈ T . Construct the density function ρ H 1 (or ρ L 2 ) using (4.3) and optimize T to obtain
) that becomes the new initial coarse mesh; let n (0) denote the number of vertices of T (0) and set = 0. 1. Solve the PDE using the FEM on T ( ) . If > L max or n ( ) > N max , terminate; otherwise, go to step 2. 2. Determine the local error estimator η
) using (4.3) and set the density function ρ = ρ
and sort them in decreasing order.
Add {z
into the triangulation T ( ) , where
ρ Ei , and then form, using CDT, the new intermediate triangulation
, Ω, ρ), set ← + 1, then go to step 1. The parameter θ in Algorithm 3 is used here to control the refinement process [26] . The sorting procedure in step 4 can be implemented efficiently using a quick sorting algorithm.
Computational experiments.
In this section, using computational experiments, we illustrate the effectiveness of CfCVDT-based adaptive finite element methods. Consider the problem
where b ∈ L ∞ (Ω) with b ≥ 0. Correspondingly, r = f in (2.7) and (2.12) is changed to r = f − bu h . Initial coarse meshes are either chosen to be a uniform Cartesian grid or are produced using the "TRIANGLE" package and are subsequently repeatedly refined by our adaptive methods, i.e., Algorithm 3. For the sake of having something to compare to, we also find finite element approximations of the problem (5.1) using uniform refinements of the initial meshes. We set L max = 15, N max =20,000, and θ = 0.4 for Algorithm 3. For our adaptive methods, the convergence rate CR with respect to the norm · at the refinement level is roughly computed by CR = 2 log( e h, / e h, −1 )
where n denotes the number of nodes and e h, denotes the error u − u h at the refinement level . We apply the commonly used q measure [22] to evaluate the quality of triangular meshes, where, for any triangle T , q is defined to be twice the ratio of the radius R T of the largest inscribed circle and the radius r T of the smallest circumscribed circle, i.e.,
where a, b, and c are side lengths of T . For a given triangulation T , we define
q min measures the quality of the worst triangle and q avg measures the average quality of the mesh T . and f and g are determined from u so that (5.1) is satisfied. It is easy to see that the exact solution u given in (5.4) is a smooth function, i.e., certainly, u ∈ C 2 (Ω). Note that u achieves its maximum value 99 101 201 at the point (0.5, 0.5) and its minimum value −99 101 201 at the point (−0.5, −0.5), but decays very quickly away from its extrema and thus has large gradients near these two points. Note also that a(x, y) and f (x, y) also have relatively rapid variations over Ω.
The initial coarse mesh (the input for step 0 of Algorithm 3) used for the solution of Example 1 is a uniform Cartesian grid consisting of 81 nodes; see Fig. 5 .1. The corresponding CfCVDT meshes (the output of step 0) with the same number of nodes produced using the density functions ρ H 1 and ρ L 2 are also given in Fig. 5.1 . Fig. 5 .2 presents repeatedly refined meshes at some levels generated using Algorithm 3. The distributions of nodes in the CfCVDT-based adaptive meshes clearly show the accumulation of nodes in the vicinity of the two points near which large gradients in the solution occur. The CfCVDT-based adaptive meshes are "optimal" in the sense that all triangles remain well-shaped at all refinement levels, an observation which is supported by the values of q min and q avg given in Table 5 .1. It is also clear that the CfCVDT meshes generated using the density function ρ H 1 tend to distribute the nodes in a slightly less uniform manner than those generated using the density function ρ L 2 ; this observation which is also verified by the values of h max /h min in Table  5 .1, can be explained by the fact that ρ H 1 has larger variations than does ρ L 2 . Table 5 .1 contains information about mesh quality, solution errors, and convergence rates at all refinement levels for different refinement strategies for Example 1; the corresponding plots of the error norms ( e h L 2 (Ω) and |e h | H 1 (Ω) ) vs. the number of nodes are given in Fig. 5.3 where |e h | H 1 (Ω) denotes the semi-H 1 norm defined by ∇e h L 2 (Ω) . One observes that the two CfCVDT-based adaptive methods and the uniform refinement strategy achieve almost perfect convergence rates, i.e., 2 and 1 for e h L 2 (Ω) and |e h | H 1 (Ω) , respectively. 4 These, of course, are the expected rates since the exact solution u of Example 1 belongs to H 2 (Ω). The values of q min and q avg given in Table 5 .1 demonstrate that the shape quality of the meshes resulting from the CfCVDT-based adaptive strategy is always very good at all levels for both density functions ρ L 2 and ρ H 1 , although the mesh sizes vary a lot over the Ω, e.g., h max /h min reaches 176.3 at the last level when ρ H 1 is used. Note that h max /h min tends to converge for our adaptive methods since u is smooth. Also, as expected, the adaptive method using ρ L 2 as the density function generated approximate solutions u h having smaller e h L 2 (Ω) relative to those obtained using ρ H 1 ; on the other hand, the latter generated approximate solutions with (slightly) smaller |e h | H 1 (Ω) . From Table 5 .1 and Fig. 5 .3, one also observes that the CfCVDT-based adaptive methods are much more efficient relative to the uniform refinement strategy. For example, for the uniform refinement method, we have that e h L 2 (Ω) =1.8071e-02 and |e h | H 1 (Ω) =9.2255e+00 on the refined mesh with 66, 049 nodes. However, for the adaptive methods, the values of these norms are 5.6155e-02 and 6.7420e+00, respectively, on the mesh with only 8, 921 nodes when ρ H 1 is used as the density function, and 2.6327e-02 and 7.4636e+00, respectively, on the mesh with only 8, 883 nodes when ρ L 2 is used as the density function. This means that, in the case of the |e h | H 1 (Ω) norm, the CfCVDT-based adaptive methods are more than 8 times more efficient than the uniform refinement method if only considering the size of the resulting system.
An important optimal property of CfCVDT-based adaptive methods is the equidistribution of the errors over Ω. In order to verify this, we plot, in Fig. 5.4 , a representative approximate solution u h and the errors e h for different refinement methods. It is obvious that the adaptive methods do indeed distribute the errors much more equally than does the uniform refinement method; note that the same scale is used for e h in Fig. 5.4 for all the refinement methods.
Geometric singularity.
The second illustrative problem is given as follows.
that Ω is a non-convex, Γ-shaped region which induces a geometrically based singularity in the solution of the PDE at the origin (0, 0). In (5.1), we set a(x, y) = 1 and b(x, y) = 0. We use the polar coordinates (r, θ) instead of the Cartesian coordinates (x, y) = (r cos θ, r sin θ) to describe the exact solution u which is chosen to be u(r, θ) = s r − δ 1 δ 2 − δ 1 r 2/3 sin 2 3 θ + w(r cos θ, r sin θ) (5.5) with δ 1 = 0.02 and δ 2 = 0.25, where s is the cut-off function
and w(x, y) = (x − x 3 )(y 2 − y 4 ). Note that w is a smooth function with w| ∂Ω = 0. Then, f and g are again determined from u so that (5.1) is satisfied.
The exponent and angle factor 2/3 in the exact solution (5.5) emulates the typical singular behavior of solutions of (5.1) in the Γ-shaped domain that has an interior the error e h on the mesh with 4225 nodes obtained using the uniform refinement method; bottom-left: e h on the mesh with 4644 nodes obtained using the CfCVDT-based adaptive method using ρ H 1 ; bottom-right: e h on the mesh with 4629 nodes obtained using the CfCVDT-based adaptive method using ρ L 2 .
angle equal to 3π/2; see [23] . It is then easy to show that the exact solution u given in (5.5) only belongs to H 5 3 − (Ω) for any > 0 and has a strong singularity at the origin. Again, this is the typical regularity one can expect for solutions of (5.1) in an Γ-shaped domain. Note that, in particular, u ∈ H 2 (Ω).
The initial coarse mesh (the input for step 0 of Algorithm 3) used for the solution of Example 2 is a uniform Cartesian grid consisting of 65 nodes; see Fig. 5 .5. The corresponding CfCVDT meshes (the output of step 0) with the same number of nodes produced using the density functions ρ H 1 and ρ L 2 are also given in Fig. 5.5 . Fig. 5 .6 presents repeatedly refined meshes at some levels generated using Algorithm 3. The distributions of nodes in the CfCVDT-based adaptive meshes clearly show the accumulation of nodes near the origin where the singularity in the solution occurs. In order to better visualize the extent of the accumulation, 16-fold magnifications of the meshes near the origin are also included in Fig. 5.6 . It is easy to see that again CfCVDT meshes generated using the density function ρ H 1 have a little higher con-centration of nodes near the singular point than the ones generated using ρ L 2 . Also, once again, all triangles remain well-shaped at all refinement levels, an observation that is supported by the values of q min and q avg listed in Table 5 .2. Fig. 5 .5: Initial meshes for Example 2; left: a uniform Cartesian grid with 65 nodes; middle and right: the corresponding CfCVDT meshes with the same number of nodes generated using the density functions ρ H 1 and ρ L 2 , respectively. Table 5 .2 contains information about mesh quality, solution errors, and convergence rates at all refinement levels for different refinement strategies for Example 2; the corresponding plots of the error norms ( e h L 2 (Ω) and |e h | H 1 (Ω) ) vs. the number of nodes are given in Fig. 5.7 . The convergence rates for the uniform refinement method are about 1.48 and 0.85 for e h L 2 (Ω) and |e h | H 1 (Ω) , respectively. These rates are a little better than the values 4/3 and 2/3, respectively, that finite element theory predicts for an exact solution u ∈ H 5 3 − (Ω); this behavior can possibly be explained by the superconvergence property of piecewise linear finite element approximations on uniform grids and by the fact that the mesh resolution may still not be fine enough to achieve asymptotic convergence rates; see [9] . However, one sees that the CfCVDTbased adaptive methods still achieve almost perfect convergence rates, i.e., 2 and 1 for e h L 2 (Ω) and |e h | H 1 (Ω) , respectively. The values of q min and q avg given in Table 5 .2 demonstrate that the quality of the meshes produced by the CfCVDT-based adaptive methods is always very good for both density functions ρ H 1 and ρ L 2 , even though the mesh sizes vary greatly over the Ω, e.g., h max /h min reaches 194.7 at the last level when the density function ρ H 1 is used. It is interesting to observe that, since u does not belong to H 2 (Ω), h max /h min tends to monotonically increase for the adaptive methods. The CfCVDT adaptive method using the density function ρ L 2 generated approximate solutions with almost the same values of e h L 2 (Ω) as that obtained using the density function ρ H 1 ; on the other hand, the latter generated approximate solutions with (slightly) smaller values of |e h | H 1 (Ω) .
From Table 5 .2 and Fig. 5 .7, one also observes that the CfCVDT-based adaptive methods are much more efficient relative to the uniform refinement strategy. For example, for the uniform refinement method, we have that e h L 2 (Ω) =1.9910e-04 and |e h | H 1 (Ω) =2.8144e-02 on the refined mesh with 49, 665 nodes. However, for the adaptive methods, the values of these norms are 1.9454e-04 and 2.8889e-02, respectively, on the mesh with only 4, 455 nodes when ρ H 1 is used as the density function, and 1.2593e-04 and 2.6637e-02, respectively, on the mesh with only 6, 847 nodes when ρ L 2 is used as the density function. This means that, in the case of the e h H 1 (Ω) norm, the CfCVDT-based adaptive methods are more than 10 times more efficient than the uniform refinement method if only considering the size of the resulting system. We display a representative approximate solution u h and the errors e h for different refinement methods in Fig. 5.8 . It is again obvious that the CfCVDT-based adaptive methods distribute the errors much more equally over the triangles than does the uniform refinement method.
Interface singularity.
The third illustrative problem is given as follows. 
where 0) ; see the top-left image in Fig. 5.9 . Note that the coefficient a is discontinuous across the two lines x = 0 and y = 0. This problem is thus an interface problem [10] . The exact solution u is chosen to be the error e h on the mesh with 3201 nodes obtained using the uniform refinement method; bottom-left: e h on the mesh with 2379 nodes obtained using the CfCVDT-based adaptive method using ρ H 1 ; bottom-right: e h on the mesh with 3617 nodes obtained using the CfCVDT-based adaptive method using ρ L 2 .
we can easily solve a Sturm-Liouville problem to find that if α ≈ 0.53544094560 and The initial coarse mesh, i.e., the input for step 0 of Algorithm 2, used for the solution of Example 3 is the same as that used for Example 1, i.e., a uniform Cartesian grid consisting of 81 nodes; see Fig. 5 .9. For this interface problem, we need to impose a restriction on the computational meshes: no triangle at any refinement level can straddle the interface lines x = 0 and y = 0, i.e., the triangulations have to conform to the interfaces, so that the discontinuities of a only occur across mesh edges. Uniformly refined grids automatically meet this constraint. Some modifications can be made to Algorithm 2 so that CfCVDT adapted meshes also satisfy this requirement. The initial CfCVDT meshes, i.e., the output of step 0 of Algorithm 2, determined using the density functions ρ H 1 and ρ L 2 are also given in Fig. 5.9 . Fig. 5 .10 displays refined meshes at some levels generated by the CfCVDT-based adaptive method. The distributions of nodes in the CfCVDT-adapted meshes clearly show the accumulation of nodes near the origin. In order to better visualize the extent of the accumulation, a portion of the meshes near the origin, magnified 1024 times, are also included in Fig. 5 .10. It is easy to see that the CfCVDT-adapted meshes generated using the density function ρ H 1 have a much higher concentration of nodes near the singular point, i.e., the origin, than those generated using ρ L 2 . This observation is supported by the values of h max /h min listed in Table 5 .3. Again, all triangles are well shaped at all refinement levels, an observation that is supported by the values of q min and q avg listed in Table 5.3 . The domain Ω and the initial meshes for Example 3; top-left: the domain Ω and its partitions; top-right: a uniform Cartesian grid with 81 nodes; bottom: the corresponding CfCVDT meshes generated using the density functions ρ H 1 (left) and ρ L 2 (right). Table 5 .3 contains information about mesh quality, solution errors, and convergence rates at all refinement levels for different refinement strategies for Example 3; the corresponding plots of the error norms ( e h L 2 (Ω) and |e h | H 1 (Ω) ) vs. the number of nodes are given in Fig. 5 .11. The convergence rates for the uniform refinement method are about 1.08 and 0.53 for e h L 2 (Ω) and |e h | H 1 (Ω) , respectively. These match very well with those predicted by finite element theory, i.e., 2α and α, respectively, for u ∈ H α− (Ω)). However, one sees that the CfCVDT-based adaptive methods still achieve almost perfect convergence rates, i.e., 1.0 and 1.8 for |e h | H 1 (Ω) and |e h | L 2 (Ω) , respectively. The values of q min and q avg given in Table 5 .3 demonstrate that the quality of the meshes produced by the CfCVDT-based adaptive methods is always very good at all refinement levels and for both density functions ρ H 1 and ρ L 2 , although the mesh sizes vary greatly over the Ω, e.g., h max /h min reaches 53393.1 at the last level when the density function ρ H 1 is used. Again, since u is not in H 2 (Ω), we see that h max /h min tends to monotonically increase for the adaptive methods. Note that in this case, the CfCVDT-based adaptive method using the density function ρ H 1 generated approximate solutions having both smaller e h L 2 (Ω) and e h H 1 (Ω) than using ρ L 2 . We believe this phenomenon is due to the strong singularity of the exact solution u while the density functions are constructed based on the assumption that u ∈ H 2 (Ω). From Table 5 .3 and Fig. 5 .11, one also observes that the CfCVDT-based adaptive methods are much more efficient relative to the uniform refinement strategy. For example, for the uniform refinement method, we have that e h L 2 (Ω) =1.4193e-03 and |e h | H 1 (Ω) =1.0975e-01 on the refined mesh with 66, 409 nodes. However, for the adaptive methods, the values of these norms are 1.3335e-03 and 1.1379e-01, respectively, on the mesh with only 853 nodes when ρ H 1 is used as the density function, and 1.2532e-03 and 1.1830e-01, respectively, on the mesh with only 1, 512 nodes when ρ L 2 is used as the density function. This means that, in the case of the |e h | H 1 (Ω) norm, the CfCVDT-based adaptive methods are more than 60 times more efficient than the uniform refinement method if only considering the size of the resulting system. We display a representative approximate solution u h and the errors e h for different refinement methods in Fig. 5 .12. It is again obvious that the CfCVDT-based adaptive methods distribute the errors much more equally over the triangles than does the uniform refinement method. the error e h on the mesh with 4225 nodes obtained using the uniform refinement method; bottom-left: e h on the mesh with 2910 nodes obtained using the CfCVDT-based adaptive method using ρ H 1 ; bottom-right: e h on the mesh with 2910 nodes obtained using the CfCVDT-based adaptive method using ρ L 2 .
5.4. More complicated geometries. Our last two examples involve more complicated geometries and serve to illustrate the robustness and effectiveness of our adaptive CfCVDT-based mesh generation algorithm. Although an analytic form of the exact solution u of (5.1) with the data (5.7) is not known, it is known that u only belongs to H where Ω i for i = 1, 2, 3, 4 are defined in Fig. 5.13 . Note that a is discontinuous in Ω. We again do not know an analytic form of the exact solution u of (5.1) with the data (5.8) and (5.9), but we do know that globally u only belongs to H 1 (Ω) (and not H 2 (Ω)), but u| Ωi ∈ H 2 (Ω i ) for i = 1, 2, 3, 4. 6. Conclusions. In this paper, we presented an efficient adaptive mesh refining algorithm for elliptic PDEs that combines a posteriori error estimation with centroidal Voronoi/Delaunay tessellations of domains in two dimensions. The two ingredients are well linked together by the fact that the density function required by the second one is defined and computed from the first one with standard interpolations. Various numerical experiments were carried out and showed that our techniques always ob- tained optimal convergence rates for the piecewise linear finite elements with respect to both H 1 and L 2 norms and worked pretty robust. This mesh adaptation strategy can be easily generalized and applied to higher-order finite element approximations or mixed finite element formulations. We also would like to remark that we are currently studying the extension of this methodology to problems in three dimensions and to time dependent problems.
